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Abstract

A numerical study of natural convection heat and mass transfer with ®lm evaporation and condensation in vertical

concentric annular ducts is performed. The emphasis is focused on the e�ects of the ®lm evaporation and condensation

along the wetted walls on the heat and mass transfer in vertical annuli. The numerical results, including the velocity,

temperature and concentration pro®les, local Nusselt and Sherwood numbers and induced volume ¯ow rate are pre-

sented for air±water vapor system under di�erent wall temperature T1 and ratio of radii k. The results show that tre-

mendous enhancement in heat transfer due to the exchange of latent heat in association with ®lm evaporation and

condensation was found. In addition, the extent of augmentation of heat transfer due to mass transfer is more sig-

ni®cant for a system with a higher wetted wall temperature T1. Ó 2001 Elsevier Science Ltd. All rights reserved.

1. Introduction

There are many physical processes in which buoy-

ancy forces from thermal di�usion and di�usion of

chemical species simultaneously play an important role

in the transfer of heat and mass. Noticeable examples

include the chemical distillatory processes, design of

heat exchangers, channel type solar energy collectors,

and thermo-protection systems. Hence, the characteris-

tics of natural convection heat and mass transfer are

relatively important.

The natural convection heat transfer in vertical open

annular duct ¯ows induced by the thermal buoyancy

force alone has been investigated in great detail in lit-

erature [1±5]. The e�ects of mass di�usion on natural

convection ¯ows along ¯at plate with di�erent inclina-

tion have been studied rather extensively [6±10]. In

contrast to external natural convection heat and mass

transfer, the natural convection heat and mass transfer

in internal ¯ows has been examined for vertical parallel

plates [11±14] and for vertical tube [15]. Regardless of its

importance in engineering applications, the natural

convection heat and mass transfer in vertical open an-

nular ducts has not been well evaluated. This motivates

the present investigation.

The geometry of the present problem under consid-

eration is a vertical annulus of ®nite length l open at

both ends (see Fig. 1). The inner and outer radii are R1

and R2, respectively. Both the inner and outer walls are

wetted by thin liquid water ®lms. The inner and outer

walls are, respectively, maintained at uniform but dif-

ferent temperature levels, T1 and T2, higher than the

ambient temperature T0. The ¯ow of moist air is drawn

into the annular gap between the two cylindrical walls

by natural convection induced by the non-uniformities

in temperature and in concentration of water vapor in

the ¯ow. Attention is focused on the study of the latent

heat transport in conjunction with the evaporation or

condensation of water vapor along the wetted walls.

2. Analysis

To facilitate the analysis, the liquid ®lm on the wetted

walls are assumed to be extremely thin so that they can

be treated with boundary conditions. In reality, the
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liquid ®lms on the wetted walls are of ®nite thickness.

They would move due to gravity e�ect and interact with

the induced gas ¯ow. However, this would complicate

the present problem. In the related study of the present

author, it was found that the assumption of extremely

thin ®lm thickness is reasonable as the ®lm thickness is

relatively thin [14]. In addition, an order of magnitude

analysis is employed, which deduces the governing

equations by neglecting the axial di�usion of momen-

tum, heat and mass. The thermophysical properties of

the mixture are taken to be constant and calculated by

the one-third rule [16]. The complete details on the

evaluation of the properties of air, water vapor and their

mixture are available in Refs. [17,18]. Although the

mixture has constant thermophysical properties but

obeys the Boussinesq approximation, according to

which its density is constant except in the buoyancy term

of the axial momentum equation. With the above as-

sumptions, the steady natural convection heat and mass

transfer in vertical annuli can be described by the fol-

lowing dimensionless governing equations.

Continuity equation:

o gU� �=on� o gV� �=og � 0: �1�

Axial-momentum equation:

UoU=on� V oU=og

� ÿdP=dn� 1=g � o goU=og� �=og
� GrTh� � GrMW �=�16 GrTr� � GrMr� � 1� ÿ k�4�: �2�

Energy equation:

Uoh=on� V oh=og � 1= Pr � g� � � o goh=og� �
� A=Sc � oh=og� � � oW =og� �: �3�

Concentration equation of water vapor:

UoW =on� V oW =og � 1= Sc � g� � � o goW =og� �=og: �4�

In non-dimensionalizing the governing equations, the

following dimensionless variables were introduced

Nomenclature

A � cpv ÿ cpa

ÿ �
=cp� w1 ÿ w0� �

cp speci®c heat

D mass di�usivity

Dh equivalent hydraulic diameter, 2�R2 ÿ R1�
GrM Grashof number (mass transfer),

g Ma=Mv ÿ 1� � w1 ÿ w0� �D4
h= lm2� �

GrT Grashof number (heat trans-

fer), gb T1 ÿ T0� � D4
h= lm2� �

g gravitational acceleration

h heat transfer coe�cient

hfg latent heat of vaporization or condensa-

tion

k thermal conductivity

L dimensionless channel length, 1=Grr

M molecular weight

Nul local Nusselt number (latent heat)

Nus local Nusselt number (sensible heat)

Nux local Nusselt number (�Nus � Nul)

P dimensionless dynamic pressure

p1; p2 partial pressures on the inner and outer

walls, respectively

Pr Prandtl number, m=a
r radial number

R1;R2 inner and outer radii, respectively

Re Reynolds number at inlet

S parameter, Eq. (15)

Sc Schmidt number, m=D
Sh Sherwood number

T temperature

T1 inner wall temperature

T2 outer wall temperature

T0 inlet temperature

u0;U0 dimensional and dimensionless induced

axial velocity at inlet

U ; V dimensionless velocity components in

the x and r directions, respectively

V1; V2 dimensionless interfacial velocities of

mixture along the wetted walls

w;W dimensional and dimensionless

species concentration, respectively

Y dimensionless radial coordinate,

Y � r ÿ R1� �= R2 ÿ R1� �
Greek symbols

a thermal di�usivity

b coe�cient of thermal expansion

b� coe�cient of concentration expansion

g dimensionless radial coordinate, r=R2

h T ÿ T0� �= T1 ÿ T0� �
k radius ratio, R1=R2

m kinematic viscosity

n dimensionless axial coordinate, x= lGrr� �
q density

l channel height

/ relative humidity of moist in the ambient

Subscripts

a of air

0 value at inlet

r at reference condition

v of water vapor

1 condition at inner wall; i.e., at r � R1

2 condition at outer wall; i.e., at r � R2

1144 W.-M. Yan, D. Lin / International Journal of Heat and Mass Transfer 44 (2001) 1143±1151



n� x= lGrr� �; g� r=R2;

Y � gÿk� �= 1ÿk� �; U � uR2
2= lmGrr� �;

V � vR2=m; h� T ÿT0� �= T1ÿT0� �;
W � wÿw0� �= w1ÿw0� �; rT � T2ÿT0� �= T1ÿT0� �;
rw� w2ÿw0� �= w1ÿw0� �; P � pmR4

2= ql2m2Gr2
r

ÿ �
;

k�R1=R2; GrT� g T1ÿT0� �D4
h= lm2T0� �;

GrM� g Ma=Mvÿ1� � w1ÿw0� �D4
h= lm2� �; Dh� 2 1ÿk� �R2;

A� cpvÿ cpa

ÿ �
=cp

� �
w1ÿw0� �; Grr�GrTr�GrMr:

�5�
It is worth noting that GrTr and GrMr are, re-

spectively, the Grashof numbers for heat and mass

transfer at the reference condition, as shown in the last

row of Table 1. The use of GrTr and GrMr leads to a

physically more meaningful comparison among various

case studies.

The dimensionless boundary conditions of this

problem are

n � 0 : U � U0; h � 0; W � 0; P � ÿU 2
0 =2; �6a�

g � k : U � 0; V � V1 n� �; h � 1; W � 1; �6b�

g � 1 : U � 0; V � V2 n� �; h � rT; W � rW; �6c�

n � L � 1= GrTr� � GrMr� : P � 0: �6d�
Notice that air±water interfaces are semipermeable,

that is, the solubility of air in water is negligibly small

and air is stationary at the interfaces, the radial veloci-

ties on the inner and outer wetted walls can be evaluated

by [19]

Vi � ÿ w1� ÿ w0�= 1� ÿ wi� � oW =og� �=Sc; i � 1; 2: �7�
According to Daltons' law and the state equation of

ideal gas mixture, the interfacial mass-fraction of water

vapor can be calculated by [18]

wi � piMV= piMV� � p� ÿ pi�Ma�; i � 1; 2; �8�
where pi is the saturated water vapor pressure on the

wetted walls. It should be mentioned here that the

pressure defects at the inlet and exit are determined by

the equations P � ÿU 2
0 =2 and P � 0, respectively.

Strictly speaking, pressure conditions at the inlet and

exit should be evaluated by a more complete analysis

including not only the ¯ow in the channel but also the

¯ows in the immediate surroundings around the inlet

and exit. This would greatly complicate the analysis and

is beyond the scope of the present work. But it is noticed

that as far as the heat and mass transfer characteristics

are concerned, the boundary-layer type of analysis per-

formed here is good in practical applications [11]. For a

speci®c geometry of the concentric annulus and heating

condition, there exits an inlet velocity U0 which yields

P � 0 at the exit of the annulus. In the present study, U0

was obtained in the solution process iteratively.

One constraint to be satis®ed in the study of the

steady channel ¯ow is the overall mass balance at every

axial locationZ 1

k
gU dg � U0 � 1

ÿ ÿ k2
�
=2�

Z n

0

kV1� ÿ V2� dn: �9�

The above equation is used in the solution process to

deduce the pressure gradient in the ¯ow.

The local Nusselt and Sherwood numbers are major

parameters of interest in the study of convection heat

and mass transfer. The total heat ¯ux from the wetted

walls can be expressed as

qx1 � qs1 � ql1

� ÿ koT=or� �1 ÿ qDhfg1= 1�� ÿ w1�
� � ow=og� �1; �10a�

qx2 � qs2 � ql2

� koT=or� �2 � qDhfg2= 1�� ÿ w2�
� � ow=og� �2; �10b�

where qxi; qsi and qli �i � 1 or 2) denote the interfacial

heat ¯ux, sensible heat ¯ux and latent heat ¯ux, re-

spectively. The local Nusselt numbers along the wetted

walls, de®ned as

Nuxi � hiDh=k � qxi= k T1�� ÿ T0�=Dh�; i � 1; 2 �11�
can be written as

Nuxi � Nusi � Nuli; i � 1; 2; �12�

Table 1

Values of the major parameters

Case T1 �°C� T2 �°C� / �%� k l (m) GrT GrM Pr Sc

I 30 30 50 0.5 0.5 440.68 151.36 0.706 0.594

II 50 30 50 0.5 0.5 1233.99 529.58 0.706 0.591

III 70 30 50 0.5 0.5 1949.15 1455.62 0.700 0.583

IV 50 30 10 0.5 0.5 1232.64 571.29 0.703 0.591

V 50 30 90 0.5 0.5 1235.34 487.47 0.703 0.591

VI 50 30 50 0.2 0.5 8087.08 3470.63 0.703 0.591

VII 50 30 50 0.8 0.5 31.59 13.56 0.703 0.591

Ref. 50 30 50 0.5 0.5 617.00 264.79 0.703 0.591
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where

Nus1 � ÿ2 1� ÿ k� � oh=og� �1; �13a�

Nus2 � 2 1� ÿ k� � oh=og� �2; �13b�

Nul1 � ÿ 2 1�� ÿ k�S1= 1� ÿ w1�� � oW =og� �1; �14a�

Nul2 � 2 1�� ÿ k�S2= 1� ÿ w2�� � oW =og� �2; �14b�

where S1 and S2 signify the importance of the energy

transport through species di�usion relative to that

through thermal di�usion

Si � qDhfgi w1� ÿ w0�= k T1�� ÿ T0��; i � 1; 2: �15�

Similarly, the local Sherwood numbers can be expressed

as

Sh1 � ÿ2 1� ÿ k� � oW =og� �1; �16a�

Sh2 � 2 1� ÿ k� � oW =og� �2: �16b�

3. Solution method

In this work, a marching ®nite-di�erence scheme was

employed to solve Eqs. (1)±(4) for U, V, h and W. In

the cross-stream direction g� � , 81 non-uniform grid

points were used. The grid was uniform in the g di-

rection. Some of the calculations were tested using 161

grid points in the g direction, but no signi®cant im-

provement over the 81 grid points was found. Addi-

tionally, the marching step in the ¯ow direction n� � was

taken to be 0:001L where L is the dimensionless channel

length. The subsequential axial step size is enlarged by

3% over the upstream step size. In the program test, a

®ner axial step size was tried and found to give ac-

ceptable accuracy. In writing the ®nite-di�erence

equations, a fully implicit numerical scheme in which

the axial convection is approximated by the upstream

di�erence and the radial convection and di�usion terms

by the central di�erence is employed to transform the

governing equations into the ®nite-di�erence equations.

Each of the ®nite-di�erence equations forms a tridiag-

onal matrix equation, which can be e�ciently solved by

the Thomas algorithm [20]. To further check the ade-

quacy of the numerical scheme used in the present

study, the results for the limiting case of natural con-

vection heat transfer in vertical annuli were ®rst ob-

tained. Excellent agreement between the present

predictions and those of El-Shaarawi and Shrhan [1]

was found. Through these program tests, it was found

that the present numerical method is suitable for this

work.

4. Results and discussion

In the present study, calculations are speci®cally

performed for moist air ¯owing in vertical concentric

annuli. Other mixtures can be solved similarly. It should

be mentioned that not all the non-dimensional param-

eters appearing in this work, i.e., Pr, Sc, GrT, GrM, k,

etc., can be arbitrarily assigned. In fact, they are inter-

dependent for a given mixture under certain speci®c

conditions. In light of the practical situations, T0, T1, T2,

/, k, and l are selected as the independent physical

parameters. All the non-dimensional parameters can

then be evaluated. Results are obtained for several cases

presented in Table 1 (see Fig. 1).

Fig. 2 presents the axial developments of velocity

pro®les in the duct under various conditions. For com-

parison's purposes, the results without mass transfer are

also plotted in these subplots by the dashed curves. It is

clearly seen that the velocity pro®les develop gradually

from uniform distributions at the inlet to the parabolic

ones in the fully-developed region. Comparison of the

solid and dashed curves indicates that mass transfer has

little e�ect on the developments of velocity pro®les, ex-

cept for the results at downstream region. At down-

stream region, the mass ¯ow rate is large for the system

with mass transfer due to the ®lm evaporation along the

wetted walls. A rise in wall temperature T1 (see Fig. 2(a)

and (b)) results in a higher axial velocity U, in con-

formity with the fact that a greater amount of water

vapor evaporates into the ¯ow for a higher T1 and a

larger buoyancy force through thermal di�usion.

Change of radii ratio k (see Fig. 2(a) and (c)) shows that

a smaller k gives a larger u=u0. This can be made plau-

sible by noting the fact that the system with a smaller k

Fig. 1. Schematic diagram of the physical system.
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gives larger combined buoyancy forces, i.e., larger GrT

and GrM (by checking Table 1).

Shown in Figs. 3 and 4 are the axial developments of

dimensionless temperature and mass-fraction pro®les,

respectively. Because the outer wetted wall is ®xed at

T2 � 30°C6 T1, the saturated mass-fraction on the outer

wall w2 is thus smaller than that on the inner wall w1.

According to the de®nition of h and W in Eq. (5), h and

W on the outer wetted wall are, therefore, less than

unity. It is interesting to observe that the developments

of temperature pro®les are faster for the system without

mass di�usion. This is due to the smaller buoyancy

forces for the system without mass di�usion. By com-

paring Figs. 3 and 4, it is found that the pro®les for h

Fig. 3. The developments of axial temperature pro®les.

Fig. 2. The developments of axial velocity pro®les.
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and W develop in a rather similar fashion. Careful in-

spection, however, discloses that the mass-fraction

boundary layers develop little more rapidly than the

thermal boundary layers do. This simply results from

the fact that Pr is slightly larger than Sc in the ¯ow. Also

to be seen in Fig. 4 is that, in the initial portion of the

duct, the mass-fraction of water vapor in the ¯ow is still

small relative to those on the wetted walls. But as the

moist air goes downstream, the mass-fraction of water

vapor in the air stream gradually increases owing to the

liquid ®lm vaporization from the wetted walls. Thus the

concentration level of water vapor near the outer wall

could be higher than w2 beyond a certain axial location.

This is clearly seen in Figs. 4(b) and (c) or Fig. 6. This

implies that the water vapor in the ¯ow will condense on

the outer wall after this location. Therefore, in the entry

portion of the duct the liquid ®lm on the outer wall

vaporizes but condensation of water vapor in the moist

air occurs in the downstream region.

The e�ects of the inner wetted wall temperature T1 on

the local heat and mass transfer along the inner wall are

presented in Fig. 5. According to the de®nition of

Nusselt numbers, Eq. (12), the latent heat Nusselt

number Nul1 equals to the di�erence of Nux1 and Nus1.

An overall inspection on Fig. 5 reveals that the heat

transfer due to latent heat transport associated with the

®lm evaporation is much more e�ective than that due to

sensible heat transfer connected to the temperature dif-

ference. Moreover, a larger Nul Nux1 ÿ Nus1� � is noted for

a system with a higher T1. This is resulted from the

stronger ®lm evaporation at a higher wetted wall tem-

perature. In Fig. 5(c), the variations of the local Sher-

Fig. 4. The developments of axial concentration pro®les.

Fig. 5. E�ects of inner wall temperature T1 on the local Nusselt

and Sherwood number distributions along the inner wetted

wall: (a) sensible heat Nusselt number; (b) interfacial Nusselt

number; (c) Sherwood number.
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wood number Sh1 are similar to those of sensible heat

Nusselt number Nus. Smaller Nus1 and Sh1 are found for

a system with a lower T1 due to the smaller combined

buoyancy e�ects.

Attention is turned to investigate the heat and mass

transfer along the outer wetted wall whose temperature

is maintained at T2 � 30°C. Fig. 6 shows the e�ects of

inner wall temperature T1 on the local heat and mass

transfer on the outer wall. Careful scrutiny of Fig. 6

indicates that in the initial portion of the channel the

distributions of Nus2; Nux2 and Sh2 are positive. But as

the moist air goes downstream, the values of Nus2; Nux2,

and Sh2 change sign and become negative for the cases

with T1 � 50 or 70°C. This implies that after some cer-

tain location, the water vapor in the moist ¯ow would

condense along the outerwall. Additionally, it is noted

that the location at which Sh2 changes sign is closer to

the inlet for the system with a higher T1. This is a direct

consequence of a larger amount of water vapor evap-

oration from the inner wall.

The e�ects of the relative humidity of moist air at

inlet on the local latent heat Nusselt number along the

inner and outer walls are presented at Fig. 7. In line with

the common sense, a larger Nul is found for a system

with a lower / due to the larger driving potential of

mass transfer between the moist air and wetted walls. In

addition, it is observed in the separate numerical runs

that the e�ects of / on the distributions of velocity and

temperature are relatively insigni®cant.

In the study of natural convection heat and mass

transfer in vertical annuli, the knowledge of radii ratio

k � R1=R2� � on the heat and mass transfer is important.

Figs. 8 and 9 present the e�ects of radii ratio k on the

local Nusselt and Sherwood numbers along the inner

and outer walls, respectively. It is clearly that larger Nu

and Sh results for a system with a smaller k due to a

higher combined buoyancy e�ects. This can be checked

by noting Table 1.

The ¯ow rate driven into the vertical duct by the

combined buoyancy forces is an important characteristic

of the problem studied. This is investigated in Fig. 10,

where the Reynolds number Re is based on the hydraulic

diameter Dh � 2 1ÿ k� �R2 and inlet velocity u0. For

a given curve the duct length l is varied with other

parameters �T1; T2;/ and k� are ®xed. In this plot, the lr

Fig. 6. E�ects of inner wall temperature T1 on the local Nusselt

and Sherwood number distributions along the outer wetted

wall: (a) sensible heat Nusselt number; (b) interfacial Nusselt

number; (c) Sherwood number.

Fig. 7. E�ects of relative humidity of moist air / on the latent

heat Nusselt numbers along the the wetted walls.
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is the reference length and is chosen to be 1 m. It is clear

that the induced Reynolds number Re increases signi®-

cantly with an increase in channel length, especially for

shorter channel. This is due to the chimney e�ect. But as

the duct goes longer, the Re gradually increases. Addi-

tionally, a higher Re is noted for a system with a higher

T1 due to the larger buoyancy e�ects (by comparing

cases I, II and III).

Finally, it is worthwhile to notice limits of applica-

bility of the present ¯ow model and hence of the results.

For this purpose, recourse is necessary to the complete

Navier±Stokes, energy and concentration equations,

which describe more precisely the case under consider-

ation. One can readily demonstrate that the present di-

mensionless governing equations of momentum, energy,

and concentration have been obtained by omitting all

powers of R2=l GrTr � GrMr� � from the corresponding

complete dimensionless equations. Therefore, such a

simpli®cation is permissible, and hence the present re-

sults are valid as long as the dimensionless group

R2=l GrTr � GrMr� � is much smaller than unity. Indeed,

the condition of R2=l GrTr � GrMr� � is always encoun-

tered in most practical situations.

Fig. 9. E�ects of radii ratio k on the local Nusselt and Sher-

wood number distributions along the outer wetted wall:

(a) sensible heat Nusselt number; (b) interfacial Nusselt

number; (c) Sherwood number.

Fig. 8. E�ects of radii ratio k on the local Nusselt and Sher-

wood number distributions along the inner wetted wall:

(a) sensible heat Nusselt number; (b) interfacial Nusselt

number; (c) Sherwood number.

Fig. 10. E�ects of duct length on the induced Reynolds number

at inlet.
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5. Conclusion

Laminar natural convection ¯ows in vertical annulus

ducts induced by the combined buoyancy e�ects of

thermal and mass di�usion has been studied. The e�ects

of the inner wetted wall temperature T1, relative hu-

midity of moist air at inlet /, and radii ratio k on the

momentum, heat and mass transfer are examined in

detail. What follows is brief summary of the major

results.

1. Heat transfer along the wetted walls is dominated by

the latent heat transport in association with water

®lm evaporation or condensation. A larger Nul results

for a system having a higher T1.

2. Due to a larger amount of water vapor evaporated

into the air stream for the system with a higher T1,

the axial position, where the incipience of the conden-

sation along the outer wall is closer to the channel in-

let.

3. Better heat and mass transfer is noted for a system

with a larger radii ratio k due to the larger combined

buoyancy e�ects.

4. The induced ¯ow rate by the combined buoyancy

forces of thermal and mass di�usion increases signif-

icantly with channel length l as the duct is short,

while for the long channel the increase is gradual.
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